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I n any quantum field theory of mat ter , in part icular in quark- and subquark models, bound 
states have to be treated. I n coupling theories corresponding bound state equations are derived 
b y the Gel l -Mann-Low procedure f rom the Greenfunction hierarchy. D u e to certain presupposi-
tions neither the derivation of such generalized Bethe-Salpeter equations nor the normal izat ion 
of their amplitudes are selfconsistent. I n this paper bound state equations and general reaction 
equations for composite particles are derived by means of functional techniques which do not 
rest on such presuppositions. The derivation is performed for a unified lepton-quark model w i t h 
boson fusion f rom fermions, which is described b y a nonlinear spinorfield equation w i t h higher 
order derivatives. Besides the removal of infinities, in coupling theories renormalizat ion ma in ly 
means the introduction of dressed field operators which allow a biunique map between field opera-
tors and particles. For composite particles renormalization means the dressing of the composite 
systems which must allow the unique identification of dressed composite part icle states inde-
pendently of the interactions which can take place w i t h other composite systems, i .e . this is in 
principle the same program as in coupling theories b u t w i t h the t reatment of dressed composite 
particles instead of dressed field operators. The program is performed for the reaction equations 
mentioned above. 

The quantum field theoretical description of high 
energy phenomena requires a proper theoretical 
treatment of relativistic composite particle systems 
and their reactions beyond perturbation theory for 
point particles. In order to perform a theoretical 
treatment, corresponding dynamical equations for 
the quantum states of such systems are needed. 
In conventional relativistic quantum field theory 
the derivation of such equations was initiated by 
Salpeter and Bethe [1] who formulated an integral 
equation for the "wave function" of a relativistic 
two-particle system. An improved derivation of 
this equation was given by Gell-Mann and Low [2] 
who established the connection of the two-particle 
propagator of the field, i.e. the two-particle Green-
function, with the bound state wave functions. By 
this method the derivation of dynamical equations 
for relativistic composite particle states is reduced 
to the derivation of equations for the many-particle 
propagators of the corresponding fields. This ap-
proach was initiated by Schwinger [3] who derived 
equations for Greenfunctions by means of external 
source operators. In the further development this 
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leads to functional equations for corresponding 
vacuum expectation value functionals, cf. [4]. Be-
sides an extensive discussion of the two-particle 
equation, in the further development of the theory 
the multiple-particle structure of the Greenfunc-
tions was studied and equations for three-particle 
states were derived, cf. Broido [5], Ethofer and 
Schuck [6]. Concerning reactions, the most inter-
esting quantity is the ^-matrix. The connection 
between Greenfunctions and the ^-matrix was 
established for point particles by the L.S.Z.-proce-
dure, Lehmann, Symanzik and Zimmermann [7]. 
An extension of this procedure to composite par-
ticles was performed by Huang and Weldon [8]. 
The rise of quark theories brought about an in-
creasing interest in the theoretical description of 
relativistic composite particle states and the prop-
erties of states, and corresponding equations were 
thoroughly elaborated in particular on the phenom-
enological level. The development of a relativistic 
multi-particle theory along this pattern has, how-
ever, a serious drawback. The derivation of dynam-
ical equations for composite particle wave functions 
as well as the normalization conditions for these 
wave functions depend upon a spectral decomposi-
tion of the many-particle propagators at which a 
positive definite state space is assumed. In addition, 
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an assumption about the pole structure of the 
propagator is needed. The recent development of 
relativistic quantum field theory shows that neither 
the first nor the second assumption will be satisfied 
in general. On the one side, there is an increasing 
interest in indefinite metric quantum field theories 
which by definition violate the first assumption, 
on the other side, even in conventional quantum 
field theories negative norms of Salpeter-Bethe 
wave function appear, Nakanishi [9] which make 
the method inconsistent, and renormalized prop-
agators exhibit an anomalous pole structure, Fish-
man and Gersten [10], which contradicts the second 
assumption. Hence it is obvious that a derivation 
of dynamical equations for "wave functions" of 
composite particles is needed which does not rest 
on both assumptions. In the framework of func-
tional quantum theory which was developed by 
Stumpf and coworkers, cf. Stumpf [11], several 
attempts were made to derive such dynamical 
equations in a more general way, cf. Stumpf [12], 
without reference to these assumptions. From 
general considerations of quantum field theory and 
of functional quantum theory it follows that such 
equations must fulfill certain conditions in order to 
provide an appropriate representation of quantum 
states: 

i) The derivation must not rest upon the metric 
of the state space; 

ii) the derivation must not rest upon special pole 
structure assumptions; 

iii) the equations must provide solutions with ap-
propriate boundary conditions; 

iv) the equations must contain the renormaliza-
tion of their constituent particles and inter-
actions, i.e. selfenergy and vertex corrections; 

v) the equations must satisfy certain integrability 
conditions; 

vi) the equations should reproduce perturbation 
theoretic results under certain approximations. 

In the papers mentioned above [12] it was not 
possible to satisfy all these conditions simulta-
neously. In particular conditions iii), v) and vi) 
were not properly taken into account. In this paper 
we improve the methods developed so far in such 
a way as to satisfy all conditions properly. In order 
to have a definite model we consider a nonlinear 
spinorfield regularized by dipole ghosts in an inde-
finite metric state space, which was already used 
in the previous papers. For the derivation and 
formulation of the dynamical equations for com-
posite particle states and reactions the techniques 
of functional quantum theory is used without 
further references. 

1. General Solution Procedure 

We consider the spinorfield (x) and its equation 
[(— iyv 8„ -f /u)2 (— iyedg + m)]aßfß(x) 
= Fa ßy6y>ß(x)rpv(x)y)6{x) (1.1) 

which was assumed in [13] to establish the basic 
operator equation of a lepton-quark model. If xp(x(x) 
and xpx (x) are combined to give a superspinor (x), 
then the corresponding state functionals are de-
fined by 

| 2 (j, o)> : = I J <01 T (* i ) . . . f a n (xn) | a> | Dn (£ ... £)> ... d*xn (1.2) 
n = l 

and have to satisfy the corresponding functional state equation [11], [14] 

Waß{») M*) - t* wM») M*)] | «)> = - KßAßvjy(x) I %(j, a)} (1.3) 

where D^(x) represents the superspinor expression of the operator on the left-hand side of (1.1) etc. 
If (1.3) is projected into the configuration space of the expansion functions of (1.2) it turns out that the 
right-hand side of (1.3) leads to expressions with singular ^-distributions. In order to secure the integrabil-
ity of (1.3) these terms must be eliminated by means of a suitable transformation of the state functionals 
(1.2). This can be achieved in twTo wrays. Either the vacuum functional of the corresponding free field or 
the vacuum functional of the nonlinear field is split off from the state functional (1.2), i.e. wre put 

| %{j, o)> = exp[— J ja (%) F^ (x - x')jß(x') d % d V ] | «)> (1.4) 
or 

| £ ( ? » > = exp [(£(;)] | 3 ( ? » > ( L 5 ) 
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where F(x) is the two-point function of the free 
field, while (£(?') is the disconnected vacuum func-
tional of the nonlinear field. Based on similar ex-
pansions in classical statistical mechanics, cluster 
expansions which correspond to the (5 (j) functional 
were introduced in quantum statistical mechanics 
by Kahn and Uhlenbeck [15]. In quantum field 
theory such cluster expansions were introduced by 
Zimmermann [16] who performed a graph-theo-
retical analysis of perturbation theory. The de-
composition of state functionals (1.4), (1.5) was 
proposed by Symanzik [17]. Rampacher, Stumpf 
and Wagner [18] applied these transformations in 
connection with the integrability condition of 
equation (1.3) mentioned above. A discussion where 
emphasis is laid on nonlinear spinor theory was 
given by Dürr and Wagner [19]. For convenience 
we use only transformation (1.4) for the general 
proof of renormalizability of the composite particle 
states with respect to the nonlinear spinorfield (1.1). 
Transformation (1.5) can be applied equally well 
but leads to more complicated calculations which 
run along the same pattern and will be treated 
elsewhere. 

If transformation (1.4) is applied to equation (1.3) 
we obtain the equation for the ^-functional 
[13], [14] 

[Daß (x) dß (x) - Faßvö dß (x) dy (x) d(5 (x)]\% ih «)> = 0 

with 
dß(x) := dß(x) + J F ß x ( x - x')jx(x')d*x'. (1.7) 

In [12.Ill] a general procedure for the solution of a 
corresponding functional equation for a non-
canonical quantized spinorfield was given. This 
equation differs from (1.6) for a canonical quantized 
spinorfield formally by only one term. Due to this 
difference the results of [12.Ill] cannot directly be 
taken over for the solution of (1.6). Rather the 
solution procedure must slightly be modified in 
order to be applicable to (1.6). 

The ^-functional is defined by the expansion 

| 3 0 » > : = f J > n ( * i . . . z „ | a ) (1.8) 
n= 1 ai a» 

ai aB 
• I Dn (Xi ... XnY) d%i ... d*Xn . 

According to [12.111] we decompose (1.8) into the 
series 

I S ( 7 \ a ) > = I | & > + * ( ? » > ( 1 - 9 ) 
1=0,2,4, . . . 

where Q is a general fermion number of the state 
| a ) for which cpn— 0 with n<.Q, and obtain from 
(1.6) the equivalent system of equations 

1 = 0; A1 (x) | (j, o)> + A2(x) | &>+2(j, o)> = 0 , 
1 = 2; Ä!(x)\ &>+2 ( j , a)} + A2(X) | g e + 4 ( j , o)> + A3(x) | %e(j, «)> = 0 , 

4 ^ I < co; Ax(x)\ %e+i(j, o)> +A2(X) I %e+i+2(j, a)> 
+ A3(X) I %e+i-2(j, «)> + Ai(X) | a)} = 0 (1.10) 

with 
Ai (x) :=D{x)d{x) + 3 V $F(x - x')j{x')d*x'd{x)d{x), A2(x) := f 8 ( x ) d(x) d(x), 
A3(X) : = 3 f f F ( x - x')j(x')d*x' j F ( y - y')j(y')d*y'd(x), 

A4(X) : = V f F ( x - x')j(x') d V jF(y - y')j(y')d*y' $F(z - z')J(z')d*z', (1.11) 

where spinor indices are suppressed for brevity. 
If we define the "polarization cloud" functional \X} by 

oo 

I * ( ? » > : = 2 I (/.«)> (1-13) 

i = 2,4,. . . 

the system (1.10) can equivalently be expressed by the set of two equations [12.111] 

AI(x)\ ( j , o)> + A2(X)\X ( j , o)> = 0 , 
[D(x)d(x) + Vd(x)d(x)d(x)]\X(j,a)y = faW + Azlz) + A^x)] | (?,«)> . (1.14) 

The next step is the elimination of the polarization cloud from (1.14). Due to the difference of the 
operator A3 for canonical and noncanonical quantization this procedure must be modified compared with 



1292 H. Stumpf • Renormalizability and Derivation of Dynamical Eq. 

that applied in [12.111]. Application of G : = D"1 to the second equation of (1.14) yields 
[0(a;) + fQ{z — x') Vd(x')d{x')d(x')d*x']\X(j, a)> 
= jG(x-x') [A^x') + A3(X') + 4 4 ( ^ ' ) ] d V | &>(?, o)>. 

If the base functionals are defined by 

| Dn (21... z„)> = izi) • • • ? (zn) 1 , 

where 10>§ is the functional vacuum state, it can be shown that with 

8 ) : = f j | Dk (Zl... z * ) > (k - 1 ) ! <Z>* ( z i . . . zk) \d*zi...d*zk 
k = 1 

the relation 

9 ( j , 9) J j (*) 0 (x) d*x | X ( j , a)> = \X ( j , o)> 
holds. Apphcation of (1.18) to (1.15) then gives 

| X (j, o)> = X ( j , 0) | X ( j , o)> + «(?, 6) | (i, a)> 
with 

and 
Jf (?, 0) := - 0) J?»G(a; - a?') ?d(a0d(a0d(s')dVcWr 

0) : = 0) jj(x)G{x - x') [Ax{x') + A3{x') + i 4 ( ^ ) ] d V d % . 

Equation (1.19) has the iterative solution 

| X (j, a)> = § J f ( j , d)n3# ( j , 0) | ( j , a)> . 
n = 0 

Substitution of (1.22) into the first equation of (1.14) yields 
oo 

[A!(x) + A2(X) 0)]| &>(?,«)> = 0 
w = 0 

(1.15) 

(1.16) 

(1.17) 

(1.18) 

(1.19) 

(1.20) 

(1.21) 

(1.22) 

(1.23) 

and this equation has to be solved by nonpertur-
bative methods. As the polarization cloud depends 
on the decomposition of the -functional, this de-
composition must be performed in such a way as 
to minimize the effects of the polarization cloud, 
1.e. to justify the application of perturbation theory 
for its elimination. 

2. S y m m e t r y and Boundary Conditions 

The basic functional equation (1.3) of the non-
linear spinorfield tpa (x) is generated by the applica-
tion of the nonlinear spinorfield equation (1.1) to 
one of the constituent field operators of the coef-
ficient functions in (1.2). In addition (1.1) can re-
peatedly be applied to several constituent field 
operators of these functions which generates ad-
ditional functional equations. In the functional 
formulation such additional equations correspond 
to the repeated application of the operator of (1.3) 

to the state functional (1.2). These equations can 
equivalently be formulated for the transformed 
functionals of (1.4) or (1.5) etc. For the g-func-
tional from (1.6) we obtain the additional set of 
equations 

n \P (*i) 6 (Si) - P d (*,) d (*,) d (*,)] I s ( j , o)> = 0 
(2.1) 

for 2 sS r < oo. These equations must simulta-
neously be satisfied together with equation (1.6). 
If we assume that | a ) ) is a solution of (1.6), 
then | 50', a)> must also be a solution of (2.1). 
Hence these equations do not lead to additional 
conditions with respect to the manifold of solu-
tions of (1.6). 

The same procedure can be applied to (1.23) 
where it proves to be nontrivial. We first write 
(1.23) in the symbolic form 

[D (x) 0 (x) + 3 (x, j, 0)] | (h «)> = 0 (2.2) 
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with 
j, 6) := J3 ?F(x - z')j(x')d*x'd(x)d{x) 

oo 
+ ? 6 ( 3 ) S ( 3 ) 8 ( 3 ) 2 j f ( ? , 6 ) ^ ( ? , 8 ) 

[n = 0 

(2.3) 
As (1.6) is assumed to be satisfied by the g-state 
functional, we need not take into account (2.1). 
Hence (2.2) is the only equation following from (1.6) 
and (2.1). But similarly to the original equation, 
we can also consider the equations which arise 
from the repeated application of the operator of 
(2.2) to the 5e-state functional. Then, if we work 
with an irreducible fermion state in the sector 
we obtain the set of equations 

change x± 3*, X{ x\, i. e. 

D (Xi) (pe (xi... xQ I a) 
= — h (xi... x\... xQ) (2.7) 

n [D(xi) 0(3,) + 6)] I &>(?, o)> 
1 

= 0 

(2.4) 
with 2 f ^ r^Q , since the state functional contains 
only Q coordinates. Repeated application of the 
operator of (2.2) in the same coordinate need not 
be considered. The set of (2.4) must simultaneously 
be satisfied together with (2.2). If we assume that 
I 3e0> a)> i s a solution of (2.2), then it must also 
be a solution of (2.4). Hence these equations do not 
lead to additional conditions with respect to the 
manifold of solutions of (2.2). Nevertheless, (2.4) 
play an important role with respect to symmetry 
and boundary conditions. 

We first consider (2.2). Since it is formulated in a 
functional state space derived from anticommuting 
sources, the expansion coefficient cpe (x\ ... xe\ a) of 
the corresponding state functional | ge (j, a)) must 
strictly be antisymmetric, i.e. all symmetric terms 
automatically drop out, resp. vanish. If we apply 
D t o (2.2) and project it into configuration space 
this yields the equation 

<Pe (xi,x2...xe\ a) 
= SG(x1-x')h{x',x2...xß)d*x' (2.5) 

with 
h{x i,x2... xe): 
= - <D (32 • • • xe) 1 2 ( a n , j, 8) I (j, a)> . (2.6) 

As (2.5) is the exact equation for the state func-
tional, from the antisymmetry of the left-hand side 
of (2.5) the antisymmetry of the right-hand side 
of (2.5) must be concluded. From this it follows 
that all equations which result from (2.5) by the 

must be satisfied by the coefficient function 
cpQ (x\ ... xe\ a) of the state functional, too, and (2.5) 
and the set of (2.7) have to be solved under the 
subsidiary condition of antisymmetry of the cpQ-
functions. 

Since it is difficult to solve a set of equations 
with a subsidiary condition, we try to incorporate 
this condition directly into (2.2) by deriving from 
it a symmetry invariant equation which leads to 
only one equation for the ^-function in configura-
tion space. According to [12.11] this can be done 
either by additive symmetrization or by multi-
plicative symmetrization. The additive symmetriza-
tion was applied in [12.Ill] but leads to difficulties 
with the relativistic boundary conditions. Hence 
we apply the multiplicative symmetrization of 
[12.11] which is equivalent with the use of 

n [D (xt) 3 (xt) + ®(xt, j, 6 ) ] I g e ( j , o ) > = 0 . 
1 = 1

 (2.8) 

Obviously, this equation is similar to a many-par-
ticle Bethe-Salpeter equation, but now derived by 
a completely different and more general method. 
It incorporates symmetry and appropriate bound-
ary conditions and if it is used instead of (2.2), then 
it must be shown that any solution of (2.8) is a 
solution of (2.2), too. Already Matthews and Salam 
[20] tried to replace a set of equations of the kind 
(2.7) by only one single integral equation. But their 
proof of equivalence is meaningless as in the proof 
they use relations which they intended to prove. 
Hence we do not further discuss their approach. 
Concerning (2.8) the following theorem holds: 

Theorem: Suppose any solution of (2.2) resp. (2.8) 
is antisymmetric, then any solution of (2.8) is also 
a solution of (2.2) and vice versa. 

Proof: If cpe is an antisymmetric solution of (2.2), 
it must be a solution of (2.8), too, as (2.8) is derived 
from (2.2). If cpe is an antisymmetric solution of (2.8) 
we perform the proof of equivalence in three steps: 

i) We first consider the two-fermion case and 
assume without loss of generality that (2.2) is re-
presented in configuration space by the equation 

[D (*i) + A (3i - x2)~\ <p2 (3i, 32) = 0. (2.9) 
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In order to abbreviate the notation we map this 
equation into an appropriate function space defined 
by the complete orthonormal sets {%i(xx), Xj(x2)} 
where cp(i,j) is the map of ^2(^15^2) etc. If we 
apply the summation convention, equation (2.9) is 
represented by 

[9 (i, i') Ö ( j , f ) + A (ij, i ' f ) ] cp (i', j') = 0 (2.10) 

with d(j, j') = djj'. Due to the antisymmetry of 
cp(i, j) from (2.10) the equation 

[Ö(i, i')d(j, j') +A (ji, j'i')]cp(i', j') =0 ( 2 . 11 ) 

can be derived, i.e. must simultaneously hold. 
These equations correspond to the set of (2.5) 

and (2.7). We write them in the symbolic form 

(01 + ^ 1 ) ^ = 0 ( 2 .12 ) 

and 
(S2 + ^T)<p = 0. (2.13) 

Then the equation which corresponds to the con-
figuration space representation of (2.8) reads 

(2.14) 

The general solution of (2.14) can be written in the 
following form 

<p = (d± + A)-1 (po + yo (2.15) 
with 

( 6 2 + 4 T ) 9 > o = 0 (2 .16 ) 

and 
(01 + ^ 0 = 0. (2.17) 

As cp is assumed to be antisymmetric, so must be q>o, 
and from this it follows that (po has to satisfy (2.13), 
too. Hence cpo is a simultaneous solution of (2.14) 
as well as of (2.12) (2.13) and we have to investigate 
only (0i + A)-i<po. 

We first show by contradiction that (po cannot be 
antisymmetric. Let cpo be antisymmetric. Then 
from (2.15) we have (0X + A)cp — (po for (po — 0. Due 
to the antisymmetry we furthermore have the 
relation (62 + -4T) 9? = 990 and from this by sub-
stitution of (p= (0i + ^l)-19?o it follows that 
(02 + ^. t)(0i + ^4)_1 should be the unity operator, 
which is not true. Hence (po must not be antisym-
metric. If it is not antisymmetric, then from cpo = 
(01 + .4)9? it follows 

(d1 + A)(ij,i'j')(p(i'j') 
= -(d1 + A)(ij,j'i')(p(i'j'). 

This relation can be satisfied if 
(01 + A) (ij, i ' f ) = - (0i + A) (ij, j'i') 

holds for all i'j'. This is not true. Therefore (p must 
be an antisymmetric solution of (2.12) and of (2.13) 
and from this we conclude that 

(0i + A) (0i + A)'1 cpo = 0, i.e. (p0=0. 
Therefore we have (p = Tpo. 

ii) We consider the £-fermion sector. In this case 
we assume that the initial set of equations for 
(pe(xi ... xe) has the form 

Q 
D(x{) + ^A(xi-xj) 

7=1 
4=i 

cpe(xi...xe) = 0; 

l ^ i ^ e . (2 .18 ) 

Then the corresponding symmetrized equation reads 

n i=l 
D(xi) + ^A(xt — Xj) 

=t=i 

(pe (xi... xe) = 0. 
(2.19) 

Applying our symbolic notation, we may write for 
(2.18) 

(di + At)<pe = 0; l r g i ^ e (2.20) 

and for (2.19) 

P I (0f + At) (p6 = 0. (2.21) 
i= 1 

We replace (2.21) by the system 
e-i 
Y\($i + Ai)cpg = (pe°, 
i = l 

(dg + Ag)(pg°= 0. 

Then any solution of (2.21) is given by 
"<?-i 

Cpg = 
i= 1 

- 1 
<peo + cpeo, 

(2.22) 

(2.23) 

(2.24) 

where (pe° is assumed to be a completely antisym-
metric solution of the homogeneous Eq. (2.22). 
Furthermore we assume that we have demon-
strated by the procedure of i) that cpe

Q must also be 
a solution of (2.20) for 1 ̂  i ^ Q. Then we have only 
to discuss the expression 

- l 
<n 0 

e - i 

t=l 
But by the procedure of i) it can be shown that cpg* 
must vanish. Hence cpe = <pg° and we have verified 
the theorem also for p-fermion sector. 

iii) Finally, we observe that the procedure of i) 
can also be applied to more complicated interac-
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tions, since it is essential that cpQ satisfies a set of 
equations of the kind (2.19) but not that we use 
some special kind of interactions, Q.E.D. 

Having shown the equivalence of (2.2) and (2.8) 
we can analyze the structure of (2.8). For brevity 
we consider only the case Q = 2, where we can al-
ready study the problem of boundary conditions. 
Due to the above theorem we may use Eq. (2.2) for 
a reformulation of (2.8). Equations (2.2) and (2.8) 

read for Q = 2 

[D (xt) 0 (xt) + ®(Zi, j, 0)] | g2 (j, «)> = 0; 
» = 1 , 2 (2.25) 

and 
2 

f i [D ( X i ) 0 ( X i ) + ®(xt, j, 0)] I & (j, a)y = 0 . 
i = 1 (2.26) 

Evaluation of (2.26) yields 

{D(x1)d(x1)D (x2) 0 (x2) + ® (xi, j, 0) D (x2) 0 (x2) + 2 (x2, j, 0) D (xx) 0 (xi) 
+ [D(x1)d(x1),^(x2,j, 0)]_ + ®(xuj, d)®(x2,j, 0)}| S a ö ' . o » = 0 . (2.27) 

If now (2.25) is used we obtain the equation 
{D (si) D (x2) 0 (Xl) 0 (x2) + [D(xi) 0 (31), 3)(x2, j, 0)]_ - 0 (x2, j, 0) 9>(xx, j, 0)} | = 0 . (2.28) 

The commutator in (2.28) plays the role of a general 
potential which has to be added to the St)2 potential 
term. Hence if we invert the differential operators 
of the first term we obtain a boundary value struc-
ture which corresponds to that of a Bethe-Salpeter 
equation and which is required for a proper matrix 
calculation by means of the L.S.Z.-reduction tech-
nique. The discussion of the boundary values is so 
far restricted to the basic fermions of the theory. In 
the next section we will include composite particle 
states in the calculation procedure. 

3. Proof of Renormalizability 

In renormalizable quantum field theories with 
divergent terms, renormalization serves for the re-
moval of these divergencies by counterterms added 
to the Lagrangian of the original field. But re-
normalization still has another even more funda-
mental task which is valid independently whether 
a quantum field theory possesses divergencies or 
not. If the field operators of such a quantum field 
are assumed to describe physical particles, then 
those field operators which occur in the unre-
normalized original Lagrangian (bare field opera-
tors) can have no physical interpretation. Since 
their corresponding bare mass-values are corrected 
by selfenergy terms which cause mass-shifts, the 
corresponding physical particles are located at 
another mass-shell than the bare "particle" mass-
shell. Hence in order to get a unique description 
of the physical particles by field operators, the bare 
field operators must be converted into dressed field 

operators which just contain these mass-shifts and 
whose introduction avoids discrepancies between 
theory and experiment and allows a biunique rela-
tion between particles and fields. Hence the intro-
duction of dressed field operators must be a com-
mon feature of all field theories. Via the asymptotic 
conditions such dressed fields guarantee that the 
theory asymptotically contains only definite kinds 
of particles so that by calculating the effects of 
interactions in various orders, the physical content 
of the theory with respect to its in- resp. out-states 
is not changed. This invariance of the physical 
content of a theory under approximations allows 
a physical interpretation of its results which is 
independent of approximations used. Hence this 
invariance is an essential ingredient of any mean-
ingful field theory and must be established at the 
very beginning of its investigation. 

For composite particle theories of the kind con-
sidered here the field operators lose their physical 
meaning, but nevertheless the question remains: 
are there particles which can be defined indepen-
dently of the various approximations ? The proof 
of renormalizability in composite particle theories 
is the procedure to answer this problem. If the 
theory shows infinities, the first step in this proce-
dure must be the introduction of renormalized 
field operators, although in this case they lack a 
physical interpretation. In the case of equation 
(1.1) the dimension of the field operators is [cm-1/2] 
and that of the coupling constant [cm-2] hence no 
infinities can occur in single diagrams. Hence we 
need not introduce renormalized field operators in 
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a first step. Rather we can immediately treat the 
dressed particle problem. 

According to the preceding section the quantized 
field of (1.1) produces a corresponding linear state 
space whose functional representation is character-
ized by the set of (2.8) for all meaningful ^-values. 
The proof of renormalization then consists in the 
investigation whether these equations admit a 
unique definition of composite particles or not; i.e. 
the same set of composite particles must theo-
retically be recovered in any asymptotic configura-
tion which may be derived from the set of (2.8). 
A proof of this renormalizability for composite 
particles was first given by Stumpf [12.III] who 

treated the additive symmetrized functional equa-
tions. An attempt was made in [12.11] to show 
renormalizability for the multiplicative symmetri-
zation. We are interested only in the renormaliza-
tion of the multiplicative symmetrized equations 
and give an improved elaboration of the approach 
in [12.11]. 

We first consider the set of (2.8) with the fermion 
numbers {gt, 1 co} which lead to the forma-
tion of bound states, i.e. to composite particles. 
By direct calculation it follows from (2.8) that the 
corresponding bound state equations for the wave 
functions cpQi[x\ ... xQi | a*) must be given by the 
projections 

< 0 1 ( 3 1 . . . 3 e < , j , 3 ) I ( j , a<)> = o ; { Q i , 1 ^ i < oo} ( 3 . 1 ) 

with 
I 3e< (h a*)> I a , ) \D(x[ . . . xQS) d*3i... d*3ei (3.2) 

C„(*i ...xet):=fl [D(Xl) 3(3,) + ®{xuj, 3)]. (3.3) 
/ = i 

Equation (3.1) can be rewritten in the form 

J <01 j{x[)...j {x'et) (£e< (3X . . . Xgi, j, 3) 10) <ptl (x[... x'et | at) dAx[... d43^ 

+ J <01 [de< *e<, j, 3), j (x[) ...j (3;)]-10) cpe( (x[... x'et I at) d*x[... d*3; = 0 (3.4) 

and since <01 j{x) = 0, the first term of (3.4) vanishes. If the remaining commutator is evaluated and 
applied to the functional vacuum state, then due to 3 (3) 10) = 0 this leads to a series expansion 

(*!••• **, h 8), • • • 7 («£)]- 10> = C£ (3! . . . 3 J 3 ; . . . x'Qi) 10) + 2 I Dn> > (3.5) 
M = 1 

where the expansion coefficients C* for n ^ 1 are only symbolically written. With (3.5) Eq. (3.4) yields 

J C°et ( 3 t . . . 3ei I x[ ... xQi) <pei {x[... x'Qt I at) d*z[... d*xQt = 0 . (3.6) 
k 

For the treatment of the general Eq. (2.8) we assume that q allows the partition q = 2 Qat where gai is an 
i = 1 

element of the set {/?*}. According to [12.11] we introduce an intermediate antisymmetry breaking by 
defining the following decomposition 

(x\... xe) = (3! . . . xZl 13Z l + 1 . . . xZi I ... I xZt_1+1... xZk) (3.7) 
i 

with Zi= 2don- Then the operator of (2.8) admits the representation 
7=1 

k 
( 3 1 . . . 3 e , j , S) = P I 1 • j , 9) ( 3 . 8 ) 

1=1 

and (2.8) can equivalently be expressed by 

0 
k k \ 

0 > n « * ai (^Zi-i-i-1 • • • XZl, j , 
1=1 1=1 / <Pe{x[...xZl I . . . I a £ _ 1 + 1 . . . xZk) d*x[... d 4 3 g = 0 . 
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By repeated application of commutators, this equation can be rearranged to give 

oct^zi-i + l • • • xzi> h Hxzi-i + l) • • • 
1=1 

+ J<0| iV(x,.. • XZl I • • • I XZk-1 +1 • • • XZk I X1 • • • XZl I • • • I XZk-1 + 1 • • • XZk ' j,Ö)|0> 
• cpe(x[...x'Zl I ... I + 1... ... d4^ = 0, 

0 . . . < 1 ... I ... x'Zk) d*x[ ... d*x'e 

(3.10) 

where the ^-functional contains those terms which arise by extracting the commutator term from dp. 
For a general investigation it is not necessary to derive the explicit form of IV, but it has to be emphasized 
that iV can uniquely be calculated once is given. Similarly the commutator terms of (3.10) can exactly 
be calculated. But for the general investigation it is sufficient to know that the commutator term of (3.10) 
has the decomposition 

ai (xz,-1 +1 • • • xzi > h 
1=1 

= n C t ( * » - 1 + 1 •••xzi\4-1+1 • • • x'zt) + W{Xi...xe\x[...xQ) 
1=1 

(3.11) 

where the first term contains the contribution of the composite particle integral kernels without any 
interaction, while the second term arises from the mutual influence of the commutators and must be 
interpreted as an additional interaction between the composite particles. The whole Eq. (3.10) then reads 

II C t , (xft-i+i • • • I z*-i +1 •••xzl) + W(x1...xe\x[...x'Q) + W(x1...x6\x[... x'Q) i=i 
<Pe(x'i • • • x'Zl | • • • | xLi+i • • • xDd4xl • • •d4x'e = 0 • (3.12) 

k 
Application of the product of resolvents C®-1 

z = i 
to (3.12) leads to an inhomogeneous term which 
describes a set of free ingoing resp. outgoing compo-
site particles and which is a solution of (3.12) for 
W= W — 0. In a symbolic notation this yields 

k k 
V^TICK'W+WXpe + N ^ r ( 3 - 1 3 ) 

J=1 ' 1=1 
The resulting solution cpe is not antisymmetric. The 
subsequent antisymmetrization was already dis-
cussed in [12.11] and need not be repeated here. 

As the rearrangement of (2.8) is valid for any Q 
and as we have shown that the interaction free 

k 
term always contains integral kernels which 

belong to the same set of composite particle states, 
we have demonstrated the renormalizability of the 
theory defined in the sense above. 

This result, however, needs further improvement. 
For a complete proof it has to be verified that the 
definition of the composite particle states is inde-
pendent of the kind of transformation (1.4) resp. 
(1.5) etc. A successful solution of this problem 
would include the proof of existence of solutions of 
Eq. (1.3) which is far beyond the scope of present 
day mathematics. Therefore, in treating physical 
problems, any calculation must be done with respect 
to the same transformation in order to obtain con-
sistent results. 
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